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Introduction
Let C ⊂ P 2 be an integral degree d plane curve. How may integers are of the form (C ∩ D) (set-theoretic intersection) for some line D?
First, we will study the case of an algebraically closed base field K and prove the following result. Then we consider the case of a finite field and prove the following result. 
Theorem 2. Fix an integer d ≥ 3, a prime power q such that
q ≥ d(d − 1). Then there exist an integral degree d plane curve C defined over F q and lines D i , 1 ≤ i ≤ d, such that (D i ∩ C) = i
Remark 1.
In the set-up of Theorem 2 we do not claim that all points
The construction which will use to prove Theorem 2 will give a solution (C,
For all integers d ≥ 3, ≥ 0, let Γ d, denote the set of all prime powers q such that there exist an integral degree d plane curve C defined over F q and lines 
Proof of the First Claim:
Notice that W is the residual scheme of Z with respect to D 1 . Using induction on d we get h 1 (P 2 , I W (d − 2)) = 0. Hence the First Claim follows from Horace Lemma.
By Castelnuovo-Mumford's lemma the First Claim implies that th homogeneous ideal of Z is generated by forms of degree at most d. Fix a general C ∈ |I Z |. Since ∪ i D i is smooth at each P i , P i ∈ C reg for all i. From now on, we assume that the lines D i are general and that each P i is a general point of D i .
Second Claim: C is integral.
Proof of the Second Claim:
We use induction on d, the cases with d ≤ 2 being obvious. We call C 1 a solution for the integer d − 1 with respect to W . Thus C 1 is integral and deg( 
The generality of C and the previous equality give that C has intersection multeplicity exactly d + 1 − i with D i at C. Again, the assumption that the base field is algebraically closed gives the same assertion simultaneously for all i, concluding the proof.
Proof of Theorem 2. We use the set-up of the proof of Theorem 1. Since q ≥ d, we may find D i , P i defined over F q . Set M := H 0 (P 2 I Z (d)). Fix P ∈ P 2 and a zero-dimensional subscheme τ ⊂ P 2 such that length(τ ) = 2 and τ red = {P }, i.e. a tangent vector of P 2 at P . Set M (−P ∈ Z red , then dim(M (−τ )) = dim(M ) − 2 if and only if the differential at P of the rational map γ M induced by the linear system |M | (which is a morphism in a neighborhood of P ) does not kill the tangent vector τ ; furthermore, dim(M (−2P )) = dim(M ) − 3 if and only if the differential of γ M is injective at P . Now assume P ∈ Z red ; M (−τ ) = M (−P ) = M if and only if there is a curve C ∈ |I Z (d)| which is smooth at P and whose tangent line at P does not contain τ ; we have dim(M (−2P )) = dim(M (−P )) − 2 if and only if M (−μ) = M (−P ) for all tangent vectors μ of P 2 at P and there are curves C, C ∈ |M | which are smooth at P and whose If Z and P are defined over F q e , then M (−P ) and M (−2P ) are defined over F q e . If Z, P and τ are defined over F q e , then M (−τ ) is defined over F q e . Now assume that Z and P are defined over F q e and write M e , M e (−P ) and M e (−2P ) for the corresponding F q e -vector subspaces of M . Notice that dim(M ) = dim(M e ), dim(M (−P )) = dim(M e (−P )) and dim(M (−2P )) = dim(M e (−2P )). 
